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Results
Some typical plots of the solutions of these oblique detona-

tion wave equations are shown in Figs. 2-7. As with normal
detonation waves, for a given value of Q/cpTi, there is a mini-
mum value of MI, the Chapman-Jouguet condition, which per-
mits real values for the radical in Eq. (6). Below this mini-
mum, the assumption of steady flow is violated. Figures 2-6
represent Eqs. (6-10). Figure 7 represents the wave behavior
at a fixed Mach number, MI = 3, as the heat addition param-
eter (sometimes called Damkohler second parameter) is var-
ied. The locus of the Chapman-Jouguet points is shown. The
region above the C-J line in Fig. 7 represents the strong
detonation solutions.
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Forced-Convection Heat Transfers with
Time-Dependent Surface Temperatures

ELDON L. KNUTH*
University of California, Los Angeles, Calif.

AEROTHERMODYNAMICISTS frequently calculate
the rate of forced-convection heat transfer to a surface

with time-dependent temperature, e.g., to the external sur-
face of a high-speed vehicle subjected to thermal radiation
from a nuclear explosion. The applicability of the equations
developed for steady-state forced-convection heat transfer
has been studied independently and simultaneously by Knuth
and Bussell1 and by Sparrow and Gregg;2 results of a related
study have been published recently by Goodman.3 In the
first paper, the geometrical aspects of the problem are simpli-
fied by considering Couette flow; initial conditions are speci-
fied, and heat transfer rates for subsequent values of time
are computed. In the second paper, the temporal aspects
are simplified by neglecting the past history of the system
and examining the departure of the instantaneous conditions
from quasi-steady conditions; computations are made for
laminar boundary layer flow of a compressible fluid with
Prandtl number of 0.72. In the third paper, the geometrical
aspects are simplified by using an integral method; equations
are developed for laminar boundary layer flow of an incom-
pressible fluid with arbitrary Prandtl number. The purpose
of the present note is to show how these three studies corn-

Received January 25, 1963.
* Associate Professor and Head of Molecular Beam Labora-

tory, Department of Engineering. Associate Fellow Member
AIAA.



1228 AIAA JOURNAL VOL. 1, NO. 5

plement each other and to suggest a useful combination of
the results of these studies.

In Ref. 1, for high-speed laminar Couette flow of a fluid
with constant properties, the temperature distribution is
described by

(1)
where

-Tr

T == at/d2 rj = y/d

where T is temperature (time-dependent), Pr Prandtl num-
ber, 7 specific heat ratio, M Mach number, a thermal dif-
fusivity, t time, d distance between the two surfaces, y dis-
tance from the fixed surface, and subscripts r and w refer
to recovery and wall conditions, respectively. Boundary
and initial conditions for the case in which quasi-steady
conditions exist at t = 0 are given by

= l T > 0 0 = 0

77 = 0 r > 0 0= f(r)
0 ^ 77 ̂  1 r = 0 0 = 1 - 7 7

Carslaw and Jaeger (see Ref. 4, p. 86) give the solution

(2)

6 = 2 ^r smmrrj X

fj '̂'''' (3)

Integrating the first integral directly and the second integral
by parts,

co g. r- ..*, „ -i

= 2 Z) ——— /(T) - e~nZ^T I Ten^T' -r^- dr'
w-i nv L J dr J

(4)

The series

is the Fourier sine series for the function 1 — 77. Hence,

g-n'r'r X

n = 1

fr n2^T, df(rf)
I 6 ' 7 ~ ! " 7 C o T \*^J

Jo (IT

The instantaneous heat transfer rate at the wall is given by

Chj

~ !Pr] 2 E e-*2^ X

[ 2 °°1 _L __ y* ,
•L 1^ /./ \ / •-* C

JW n = l
— n27T2T

The first term is a quasi-steady heat transfer rate, whereas the
remainder is the deviation from the quasi-steady rate caused
by the nonzero heat capacity of the fluid. If the magnitude
of the remainder is small in comparison with the magnitude

of the first term, then one may calculate the heat transfer rate
to good approximation using equations developed for steady-
state systems. Note that the remainder includes effects of
the past history of the system.

In order to facilitate comparing Eq. (6) with the results of
Refs. 2 and 3, integrate by parts twice to obtain

1 ft(r) /'(O) /52

3 z2(o) /(«;
where

(«»)'

and where ^(s) is the Riemann zeta function, £2(0) = -J, and
24(0) = 4T- [Variations of the ratios 22(r)/22(0) and ^4 (r)/
24(0) with dimensionless time r are shown in Fig. 1.] This
equation may be compared directly with Eq. (15) of Ref. 2:

Q'inst = Q'quasi- stead;

0.801 ̂ ^y+...i/(O \^/ j
where x is distance from the leading edge and um is freestream
velocity. (Recall that this equation was derived neglecting
the past history of the system and setting Pr — 0.72.) A
third version may be obtained if one begins with Eq. (36) of
Ref. 3; replacing the term corresponding to a temperature
jump at t = 0 by a term corresponding to quasi-steady heat
transfer at t = 0, one obtains

tfinst = ?(0)
1

(9)

where F == 0.20 Pr~llz u<J/x, and 0(P) is displayed graphi-
cally in Fig. 1 of Ref. 3. (Recall that this equation was de-
rived using an integral method.) Approximating 0(F) by
0 = (2F)1/2 for F < P* and by 0 = 1 for F > F* = 0.266,
integrating by parts, and using Taylor's series, one obtains

/'(O
tfinst = gquasi-steady 1 + 2.32

0.732 PrW»

0.732 i (10)

where

= 0 >

and

[Variations of the factors C2(F) and C4(P) with-dimensionless
time F also are shown in Fig. 1.] The dimensionless time
F plays apparently the same role in boundary layer flows as
does the dimensionless time r in Couette flows; values of



MAY 1963 TECHNICAL NOTES AND COMMENTS 1229

TS at/8*
F ss 0.20 PrH/3 U^t/X

0.2 0.3

OIMENSIONLESS TIME

Fig. 1 Variations of the factors »2(<r)/«2-(0)>
Cz(F)+ and C±(F) with diniensionless times T and JP

the factors C2(F) and C4(F), obtained for boundary layer
flows using an integral method, .are seen to differ only slightly
from values of the factors 22(^/22$) and Z±(T)/Z±(()) obtained
for Couette flows using an exact method. Note that, if
the time elapsed since quasi-steady conditions existed is
small, i.e., if F <3C 1 and r <£ 1, then the terms corresponding
to deviations from the quasi-steady heat transfer rate in
Eqs. (7) and (10) disappear, whereas the corresponding terms
in Eq. (8) do not. This situation is in keeping with the fact
that Refs. 1 and 3 take into account the past history of the
system, whereas Ref. 2 does not.

An expression more useful than Eqs. (7, 8, and 10) would
be obtained if one could combine the most useful features
of these equations into a single expression. One might com-
bine those features of Eq. (7) which are unique to an exact
treatment of the past history of the system, those features of
Eq. (8) which are unique to an exact treatment of the two-
dimensional nature of compressible boundary layer flows,
and those features of Eq. (10) which are unique to a treat-
ment in which the value of the Prandtl number is arbitrary,
and write

= ^quasi-steady

l.OOW3-

+ 2.67 .
/'(*)

22(0) /(*) \".

1.00

If Pr1/3 x/um is replaced by 62/8a, then Eq. (7) is retrieved to
fair approximation; if F » 1 and Pr = 0.72, then Eq. (8)
is retrieved exactly, whereas, if Zz(F)/zz(Q) and" 34(F)/24(0)
are replaced by C2(F) and C±(F), respectively, then Eq. (10)
is retrieved to fair approximation.

Fortunately, and as indicated in Refs. 1 and 2, the aero-
thermodynamicist will find that most forced-convection
heat transfer rates to surfaces with time-dependent tempera-
tures may be calculated to good approximation using equa-
tions developed for the steady-state case.
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Orbital Transfer in Minimum Time

W. E. BLEICK*
U. S. Naval Postgraduate School, Monterey, Calif.

THE problem of orbital transfer discussed here is that of
scheduling the direction p of constant momentum thrust

of a rocket, which loses mass at a constant rate, so that it
transfers to a known earth satellite orbit in a minimum time T
after launching. The launching conditions are assumed to be
fixed. Figure 1 illustrates the problem for a circular orbit.
To aid the discussion, imaginary physical rendezvous of the
rocket and a target satellite is assumed to occur at the transfer
sector angle B. The calculus of variations problem is set up
and solved numerically by the method of Faulkner.1 The
nonrotating Oxy axes shown in Fig. 1 are used. The coor-
dinates and velocity components of the rocket and target satel-
lite are denoted by x,y,u,v and X,Y,U,V, respectively. For
simplicity the equations of motion of rocket and target will be
written in a nondimensional form by using suitable units.
The unit of length is taken as the earth's equatorial radius,
Re = 20,925,000 ft. The unit taken for time * is the time re-
quired by a hypothetical earth satellite, in equatorial, circular,
vacuum, sea-level orbit, to traverse a sector of 1 rad. This
unit of time is (Re/g)l/2 = 13.459 min, where g = 32.086
ft/sec2 is the acceleration of gravity at the equator. The unit
of velocity is then the speed of this hypothetical satellite.
These units of length and time always will be understood,
unless other units are mentioned specifically.

Statement of the Problem

The equations of motion of the rocket are

= u — gi — a cosp = 0
= v — #2 •*— fl sinp = 0

= x — u = 0
= y - V = 0 (1)

where gi = ••—x /r* , g% = — 2//r3, r2 = z2 + 7/2, and a = cM/
(1 — Mt)g, where M is the constant fraction of initial gross
rocket mass lost per unit time, and c is the constant speed of
the emitted rocket gases. The fixed launching conditions are
taken as

2/(0)
= 0 w(0) = Vi= 7ocos0
= 1 0(0) = 72 = 7osin0 (2)

The terminal point of the rocket trajectory is variable with

(3)x(T) = X(T)
u(T) = U(T)

y(T) = Y(T)
v(T) = V(T)

Note that Eqs. (1) and (3) imply that U(T) = - [X'/R*]T = gi
(T) and V(T) = -[Y/R*]T = 02(T), where R2 = X2 + F2.
It is assumed also that the rocket thrust is turned off abruptly
at time T. The problem is to choose the control variable p to
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